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Abstract
We prove that almost all integers n ≡ 0 or 4 (mod 6) can be written in the form n = p1 + p2, where
p1 = k2 + l2 + 1 with (k, l) = 1. The proof is an application of the half-dimensional and linear sieves
with arithmetic information coming from the circle method and the Bombieri–Vinogradov prime number
theorem.
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1. Introduction
After Vinogradov’s [10,11] ground-breaking proof of the ternary Goldbach problem, several
authors [2,6,8] proved in the late 1930s that almost all even numbers can be expressed as a sum
of two primes. On the other hand Linnik [5] has proved that there exists infinitely many prime
numbers of the form p = k2 + l2 + 1. We couple these two theorems by proving
Theorem 1. Let
N = {nN | n ≡ 0 or 4 (mod 6)}.
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p1 = k2 + l2 + 1, (k, l) = 1, then
E(N)  N(logN)−A
for any A > 0 with the implied constant depending only on A.
We use sieve methods to pick out primes of the form k2 + l2 + 1 and the circle method to pick
out primes satisfying n − p ∈ P. The sieve method we use goes back to Iwaniec’s [3] work on
quadratic forms representing prime numbers.
Consider n  N , n ≡ 0 or 4 (mod 6). We can clearly assume that n  N(logN)−A. The
set {k2 + l2 | (k, l) = 1} consists of numbers with no prime factors belonging to P3 = {p ∈ P |
p ≡ 3 (mod 4)}. Thus it is natural to attack our current problem by applying the half-dimensional
sieve to the set
A= {p − 1 < N | p ≡ 3 (mod 8), n− p ∈ P}.
As usual we write for a finite set F ⊆ N and a set of primes P
P(z) =
∏
p∈P,p<z
p and S(F ,P, z) = ∣∣{a ∈F | (a,P (z))= 1}∣∣.
Then by writing P3,n = {p ∈ P | p ≡ 3 (mod 4),p  n − 1} there are S(A,P3,n,N) + O(logN)
primes p such that p = k2 + l2 + 1, (k, l) = 1 and n−p ∈ P. We will conclude in Section 7 that
for n N
(logN)A , n ∈N , we have
S(A,P3,n,N)  n
(logn)5/2
− ∣∣E(n)∣∣,
where ∑
n∈N
∣∣E(n)∣∣2  N3/(logN)A,
which clearly implies the theorem.
As in earlier works [3,12] on problems involving p = k2 + l2 + 1, we write for z = N1/α,
α ∈ [2,4),
S(A,P3,n,N) = S(A,P3,n, z) − T , (1)
and obtain a lower bound for S(A,P3,n, z) by the half dimensional sieve and an upper bound for
T by the linear sieve. In both cases we take advantage of a linear form of the error term.
Since each element a ∈ A has an even number of prime factors belonging to P3,n and 2‖a,
we have for α < 4
T = ∣∣{p N | p = 1 + 2up1p2, p1,p2 ∈P3,n, p1  p2 N1/α,
p0 | u ⇒ p0 ≡ 1 (mod 4), n− p ∈ P
}∣∣+ O(logN).
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L = {l = 2up2 | uN1−2/α, p | u ⇒ p ≡ 1 (mod 4),N1/α  p2 < (N/u)1/2, p2 ∈P3,n},
Ln =
{
l ∈ L | (l, n− 1) = 1}
and for each l ∈ L
Mn(l) =
{
m = lp1 + 1 | p1l < N, p1 ≡ 3 (mod 4), n− m ∈ P
}
.
Then T is at most the number of primes in
⋃
l∈LnMn(l) together with an error term of the order
logN . Thus
T 
∑
l∈Ln
(
S
(Mn(l),Pn(l), (N/l)1/4)+ O((N/l)1/4)),
where Pn(l) = {p ∈ P | (p,nl) = 1}.
2. Sieving lemmata
First we introduce some more sieve notation. For a squarefree d with all its prime factors in P ,
we let Fd = {n | dn ∈F}. Let
|Fd | = ω(d)
d
X + r(F , d),
where X > 1 is independent of d and ω(d) is a multiplicative function that satisfies the condition
0 < ω(p) < p for each p ∈ P . Define further
Ω(z) =
∏
p<z,p∈P
(
1 − ω(p)
p
)
.
We say that a sieve is of dimension κ if there exists a constant K  2 such that for all z >
w  2 we have
∏
wp<z
p∈P
(
1 − ω(p)
p
)−1
<
(
log z
logw
)κ(
1 + K
logw
)
.
Now we are ready to state the main theorem of the Rosser–Iwaniec sieve. It follows as Theo-
rem 1 of [4] by an obvious modification to the argument in Section 3 of [4].
Lemma 2. Let s = logQ/ log z. Then we have for certain functions F(s) and f (s) depending
on κ
S(F ,P, z)XΩ(z)(F(s) + oK(1))+ ∑ cdr(F , d)
d<Q, d|P(z)
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S(F ,P, z)XΩ(z)(f (s) + oK(1))+ ∑
d<Q, d|P(z)
c′dr(F , d),
where cd, c′d  1 depend only on Q and κ but not on |F |, P or ω.
We will need the lower bound in the half-dimensional (κ = 1/2) case and the upper bound for
the linear (κ = 1) case. In the half-dimensional case we have for 1 s  3
f (s) =
√
eγ
πs
s∫
1
dt√
t (t − 1) ,
where γ is Euler’s constant. In the linear case we have F(s) = 2eγ
s
for 1 s  3.
The following Bombieri–Vinogradov type result gives the arithmetical information needed for
the applications of the sieve.
Lemma 3. Let L < Nβ with β < 1 and |dk,l | 1. Let ak,l be any sequence satisfying (ak,l, k) = 1
for every k and l. Then for any A > 0 there exists a constant A′ > 0 such that if for every l  L
we have Ql  (N/l)1/2/(log(N/l))A
′
, then
N∑
n=1
∣∣∣∣∑
lL
∑
kQl
dk,l
( ∑
p1≡ak,l (mod k)
p1l+p2=n
1 − Sn(l, k, ak,l)
lφ(k)
Mn(l)
)∣∣∣∣
2
 N
3
(logN)A
,
where the implied constant depends only on A and β ,
Mn(l) =
n−2∑
m=2l
1
log m
l
log(n −m)
and
Sn(l, k, ak,l) =
∏
pkln
(
1 − 1
(p − 1)2
) ∏
p|kln
(
1 + 1
p − 1
)
δ
(
(n − lak,l, k)(n, l)
)
with δ(n) the Kronecker delta symbol.
Proof. We can add summation conditions (n, l) = (n − lak,l, k) = 1 since if this does not hold,
then Sn(l, k, ak,l) = 0 and for any n ∈N at most one pair (p1,p2) of primes satisfies the condi-
tions p1 ≡ ak,l (mod k) and p1l + p2 = n.
By writing
fk,l(α) =
∑
plN
e(αpl) and f (α) = f1,1(α)p≡ak,l (mod k)
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∑
p1≡ak,l (mod k)
p1l+p2=n
1 =
1∫
0
fk,l(α)f (α)e(−nα)dα = I.
Next we divide the integral into major arcs and minor arcs. For that we write Q = (logN)A+14,
η = N
Q
,
M =
⋃
qQ
q−1⋃
a=0
(a,q)=1
(
a
q
− 1
ηq
,
a
q
+ 1
ηq
)
and m =
(
−1
η
,1 − 1
η
)
\ M.
Then I = IM + Im where IM corresponds to the integral on M and Im to the integral on m. The
claim follows by proving that
N∑
n=1
∣∣∣∣∑
lL
∑
kQl
dk,l
(
IM − Sn(l, k, ak,l)
lφ(k)
Mn(l)
)∣∣∣∣
2
 N
3
(logN)A
(2)
and
N∑
n=1
∣∣∣∣∑
lL
∑
kQl
dk,lIm
∣∣∣∣
2
 N
3
(logN)A
. (3)
The proof of these occupy the following two sections.
3. Major arcs
Consider first the contribution from the major arcs. Our argument is a modification of Tolev’s
[7] argument. We have
IM =
∑
qQ
q−1∑∗
a=0
I (a, q),
where here and later ∗ restricts the summation to a coprime to q and
I (a, q) =
1/(ηq)∫
−1/(ηq)
fk,l
(
a
q
+ α
)
f
(
a
q
+ α
)
e
(
−n
(
a
q
+ α
))
dα.
Let
Δ(x,q) = max
(a,q)=1
max
yx
∣∣∣∣∣π(y, q, a)− 1φ(q)
y∫
dt
log t
∣∣∣∣∣
2
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system of congruences
{
x ≡ ak,l (mod k),
x ≡ m (mod q).
Then for q Q, (a, q) = 1 we have
fk,l,x
(
a
q
)
=
∑
px
p≡ak,l (k)
e
(
apl
q
)
=
∑∗
1mq
m≡ak,l ((k,q))
e
(
alm
q
) ∑
px
p≡bk,l ([k,q])
1 + O(q)
=
∑∗
1mq
m≡ak,l ((k,q))
e
(
alm
q
)(
1
φ([k, q])
x∫
2
dt
log t
+ O(Δ(x, [k, q])))+ O(q).
Thus by partial summation we have for |α| 1
qη
fk,l
(
a
q
+ α
)
= fk,l
(
a
q
)
e(αN)−
N/l∫
2
fk,l,y
(
a
q
)
d
dy
e(αly) dy
= ck,l(a, q)
φ([k, q])
N/l∫
2
e(αly)
logy
dy + O
(
QΔ
(
N
l
, [k, q]
))
,
where
ck,l(a, q) =
∑∗
1mq
m≡ak,l (mod (k,q))
e
(
alm
q
)
.
Here
N/l∫
2
e(αly)
logy
dy = 1
l
N∫
2l
e(αy)
log(y/ l)
dy = 1
l
N∑
m=2l
e(αm)
log(m/l)
+ 1
l
N∫
2l
e(αy)
log(y/ l)
d{y}
= 1
l
N∑
m=2l
e(αm)
log(m/l)
+ O
(
1 + |α|N
l
)
= 1
l
N∑
m=2l
e(αm)
log(m/l)
+ O
(
Q
ql
)
.
Thus
fk,l
(
a
q
+ α
)
= ck,l(a, q)
lφ([k, q])
N∑ e(αm)
logm/l
+ O
(
QΔ
(
N
l
, [k, q]
))
m=2l
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plication of the prime number theorem give
f
(
a
q
+ α
)
= μ(q)
φ(q)
N∑
m=2
e(αm)
logm
+ O(N exp(−c(logN)1/2)).
By substituting these into the definition of I (a, q) we get
I (a, q) = μ(q)ck,l(a, q)
lφ([k, q])φ(q)e
(
−an
q
) 1/(ηq)∫
−1/(ηq)
N∑
m=2l
e(αm)
log(m/l)
N∑
m=2
e(αm)
logm
e(−nα)dα
+ O
(
N
kl
exp
(−c(logN)1/2)+ Q2
qφ(q)
Δ
(
N
l
, [k, q]
))
.
For 0 < |α| < 1/2 we have by partial summation
∣∣∣∣∣
N∑
m=2l
e(αm)
log(m/l)
∣∣∣∣∣ maxxN
∣∣∣∣∣
x∑
m=1
e(αm)
∣∣∣∣∣ 1|α| .
Thus using this for l and l = 1 we get
1/(ηq)∫
−1/(ηq)
N∑
m=2l
e(αm)
log(m/l)
N∑
m=2
e(αm)
logm
e(−nα)dα
=
1/2∫
−1/2
N∑
m=2l
e(αm)
log(m/l)
N∑
m=2
e(αm)
logm
e(−nα)dα + O(ηq) = Mn(l)+ O(ηq).
Then by writing
bk,l(q) =
q−1∑∗
a=0
ck,l(a, q)e
(
−na
q
)
,
we have for q Q
q−1∑∗
a=0
I (a, q) = μ(q)bk,l(q)
lφ(q)φ([k, q])
(
Mn(l)+ O(ηq)
)
+ O
(
N
exp
(−c(logN)1/2)+ Q2 Δ(N , [k, q])).kl q l
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and by the assumption (n, l) = (n− lak,l, k) = 1 we have
bk,l(p) =
⎧⎨
⎩
1, if p  kln,
1 − p, if p  k,p | ln,
−1, if p | k.
Let further
λk,l(q) = μ(q)bk,l(q)φ(k)
φ(q)φ([k, q]) =
μ(q)bk,l(q)φ((k, q))
φ(q)2
,
which is a multiplicative function of q . We also notice that for a square-free number q we have
|bk,l(q)φ((k, q))| = φ((kln, q)).
Then we have an Euler product
∑
qQ
λk,l(q) =
∑
q∈N
λk,l(q)+ O
(∑
q>Q
∣∣λk,l(q)∣∣
)
= Sn(l, k, ak,l)+ O
(∑
q>Q
φ((kln, q))
φ(q)2
)
.
Thus
IM = Sn(l, k, ak,l)
lφ(k)
Mn(l)+ O
(∑
q>Q
φ((kln, q))
lφ(k)φ(q)2
Mn(l) +
∑
qQ
ηqφ((kln, q))
lφ(k)φ(q)2
+
∑
qQ
N
kl
exp
(−c(logN)1/2)+ ∑
qQ
Q2
q
Δ
(
N
l
, [k, q]
))
= Sn(l, k, ak,l)
lφ(k)
Mn(l)+ O(E1 + E2 +E3 + E4),
say. Write
∑
i
= 1
logN
∑
nN
(∑
lL
∑
kQl
Ei
)2
.
Here the logarithmic factor allows us to change each φ(r) to r . Then the estimate (2) follows by
showing that
∑
i  N
3
(logN)A+1 for i = 1,2,3,4.
Consider first
∑
1. Since
∑
q∈N
(r, q)
q2
=
∑
s|r
∑
q∈N
s
(qs)2
 log r,
we have
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1
 N2
∑
nN
(∑
lL
∑
kQl
∑
q>Q
(kln, q)
klq2
)(∑
lL
∑
kQl
1
kl
∑
q>Q
(kln, q)
q2
)
 N3(logN)3
∑
nN
∑
lL
∑
kN
∑
q>Q
(kln, q)
klnq2
 N3(logN)3
∑
rN3
τ3(r)
r
∑
q>Q
(r, q)
q2
.
Next we divide the summation according to s = (r, q)Q or s > Q getting
∑
1
 N3(logN)3
(∑
sQ
∑
rN3/s
τ3(rs)
rs
∑
q>Q/s
s
(qs)2
+
∑
Q<sN3
∑
rN3/s
τ3(rs)
rs
∑
q∈N
s
(qs)2
)
 N
3(logN)9
Q
 N
3
(logN)A+1
.
Next we consider
∑
2. Since
∑
qQ
(r, q)
q
=
∑
s|r
∑
qQ/s
s
qs
 τ(r) logN,
we have
∑
2

∑
nN
(∑
lL
∑
kQl
ητ(kln)
kl
logN
)2
 N
3(logN)13
Q
 N
3
(logN)A+1
.
We have trivially
∑
3  N
3
(logN)A+1 . Finally by the Bombieri–Vinogradov prime number theorem
[1] we have for sufficiently large A′
∑
4
 NQ6
(∑
lL
∑
kQlQ
Δ
(
N
l
, k
))2
 N
3
(logN)A+1
.
Thus (2) holds.
4. Minor arcs
In this section we show that (3) holds. In order to do that we first change the order of summa-
tion and integration giving
N∑
n=1
∣∣∣∣∑
lL
∑
kQl
dk,lIm
∣∣∣∣
2
=
N∑
n=1
∣∣∣∣
∫
m
(
f (α)
∑
lL
∑
kQl
dk,lfk,l(α)
)
e(−nα)dα
∣∣∣∣
2
.
By Bessel’s inequality the right hand side is at most
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m
∣∣∣∣f (α)∑
lL
∑
kQl
dk,lfk,l(α)
∣∣∣∣
2
dα 
(
max
α∈m
∣∣f (α)∣∣)2
·
∑
l1L
l2L
∑
k1Ql1
k2Ql2
|dk1,l1dk2,l2 |
∑
p1l1N
p1≡ak1,l1 (k1)
∑
p2l2N
p2≡ak2,l2 (k2)
1∫
0
e
(
α(l1p1 − l2p2)
)
dα.
The integral on the right hand side disappears unless p1l1 = p2l2 and is 1 otherwise.
Consider first the contribution from summands with p1 = p2. Then l1 = l2 and thus by writing
k = [k1, k2] the contribution of these terms is
 (max
α∈m
∣∣f (α)∣∣)2∑
lL
∑
kQ2l
τ3(k)
∑
plN
p≡ak1,k2,l1,l2 (k)
1
 (max
α∈m
∣∣f (α)∣∣)2∑
lL
∑
kN/l
τ3(k)
(
N
kl
+ 1
)
 (max
α∈m
∣∣f (α)∣∣)2N(logN)4. (4)
Consider then the contribution from the terms with p1 = p2. By writing r = l1p1 = l2p2 =
sp1p2 we see that contribution from these terms is

(
max
α∈m
∣∣f (α)∣∣)2|S|, (5)
where
S =
{
(s,p1,p2, k1, k2) | p1 ≡ ak1,sp2 (k1), p2 ≡ ak2,sp1 (k2),
k1 
(
N
sp2
)1/2
, k2 
(
N
sp1
)1/2
, sp1p2 N
}
.
We define further S(S,P1,P2, k1, k2) = {(s,p1,p2, k1, k2) ∈ S | s ∼ S,p1 ∼ P1,p2 ∼ P2},
where m ∼ M ⇐⇒ M m < 2M . Then
|S|  (logN)3
∑
k1N1/2
∑
k2N1/2
max†
S,P1,P2
∣∣S(S,P1,P2, k1, k2)∣∣, (6)
where † indicates the conditions
SP1P2 N, SP2 N/k21 and SP1 N/k22 .
Under these conditions
∣∣S(S,P1,P2, k1, k2)∣∣ S
(
P1
k1
+ 1
)(
P2
k2
+ 1
)
= SP1P2
k1k2
+ SP1
k1
+ SP2
k2
+ S
 N
k k
+ N
k k2
+ N
k2k
+
(
N
P k2
)1/2(
N
P k2
)1/2
 4N
k k
.1 2 1 2 1 2 2 1 1 2 1 2
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N∑
n=1
∣∣∣∣∑
lL
∑
kQl
dk,lIm
∣∣∣∣
2
 N(logN)5
(
max
α∈m
∣∣f (α)∣∣)2.
This gives (3) since by Dirichlet’s approximation theorem (Lemma 2.1 of [9]) and Theo-
rem 3.1 of [9] we have
max
α∈m
∣∣f (α)∣∣ N(logN)4
Q1/2
. 
5. A lower bound for S(A,P3,n, z)
Proposition 4. Let 1 α  6 and let Mn(l) be defined as above. Then
S(A,P3,n, z) 3C1(n)4√logN
α/2∫
1
dt√
t (t − 1)Mn(1)
(
1 + o(1))+ E1(n),
where
C1(n) =
∏
p|n
p≡1 (4)
(
1 − 1
p − 1
)−1 ∏
p>2
(
1 − 1
(p − 1)2
) ∏
p|(n−1)n
p>3
p≡3 (4)
(
1 − 1
p − 2
)−1
·
∏
p>3
p≡3 (4)
1 − 1
p−2
1 − 1
p
∏
p≡3 (4)
(
1 − 1
p2
)1/2
and ∑
n∈N
∣∣E1(n)∣∣2  N3/(logN)A.
Proof. As mentioned above, we use the half-dimensional sieve. Let n ∈N . Let d be a squarefree
integer with all the prime factors belonging to P3,n. Let ad be the unique residue class (mod 8d)
such that ad ≡ 3 (mod 8) and ad ≡ 1 (mod d). Then
|Ad | =
∣∣{p ∈ P ∣∣ p ≡ ad (8d), n− p ∈ P}∣∣= Sn(1,8d, ad)4φ(d) Mn(1)+Rn(d)
= Mn(1)
4φ(d)
∏
p8dn
(
1 − 1
(p − 1)2
) ∏
p|8dn
(
1 + 1
p − 1
)
δ
(
(n − 3,8)(n − 1, d))+ Rn(d)
= ωn(d)Xn + Rn(d),
d
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ωn(d)
d
= 1
φ(d)
∏
p| d
(n,d)
1 + 1
p−1
1 − 1
(p−1)2
= 1
φ(d)
∏
p| d
(n,d)
(
1 − 1
p − 1
)−1
and
Xn = 14
∏
p|2n
(
1 + 1
p − 1
) ∏
p 2n
(
1 − 1
(p − 1)2
)
Mn(1)
= 1
2
∏
p>2
(
1 − 1
(p − 1)2
) ∏
p|n,p>2
(
1 − 1
p − 1
)−1
Mn(1).
Hence for p ∈ P3,n
ωn(p) =
{
p
p−1 , if p | n,
p
p−2 , if p  n,
and
Ωn(z) =
∏
p∈P3,n
p<z
(
1 − ωn(p)
p
)
=
∏
p<z,p|n
p≡3 (4)
(
1 − 1
p − 1
) ∏
p<z,p(n−1)n
p≡3 (4)
(
1 − 1
p − 2
)
= (1 + o(1)) ∏
p|n
p≡3 (4)
(
1 − 1
p − 1
) ∏
p|(n−1)n
p>3
p≡3 (4)
(
1 − 1
p − 2
)−1 ∏
3<p<z
p≡3 (4)
(
1 − 1
p − 2
)
.
By writing L(χ,1;y) =∏p<y(1 − χ(p)/p)−1 with χ the non-trivial character (mod 4), we
have
∏
p<z
p≡3 (mod 4)
(
1 − 1
p
)
=
√√√√√2L(χ,1; z)
∏
p<z
p≡3 (mod 4)
(
1 − 1
p2
)∏
p<z
(
1 − 1
p
)
= (1 + o(1))√ απ
2eγ logN
∏
p≡3 (mod 4)
(
1 − 1
p2
)1/2
by Mertens’ formula and the fact L(χ,1) = π4 . Thus by the half-dimensional sieve (Lemma 2
with κ = 1/2) we have by choosing Q = N1/2/(logN)A′
S(A,P3,n, z) 3C1(n)4√logN
α/2∫
dt√
t (t − 1)Mn(1)
(
1 + o(1))+ ∑
d<Q
c′dRn(d).
1
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6. An upper bound for T
Proposition 5. Let α  1 and let T , C1(n) and Mn(l) be defined as above. Then
T  12C1(n)W(α)+ o(1)
(logN)1/2
Mn(1) +E2(n),
where
W(α) = α
8
√
2
α∫
2
t − 2 + (t − 1) log(t − 1)
t2(t − 1)(1 − t/α)1/2 dt
and
∑
n∈N
|E2(n)|2  N3/(logN)A.
Proof. We use the linear sieve to obtain an upper bound for T . Let l ∈ L and let d be a squarefree
integer satisfying (d, l) = 1. Let a′d,l be the unique residue class (mod 4d) such that la′d,l ≡
−1 (mod d) and a′d,l ≡ 3 (mod 4). Write
∣∣Mn(l)d ∣∣= ∣∣{p1 ∈ P | lp1 N, p1 ≡ a′d,l (mod 4d), n− 1 − lp1 ∈ P}∣∣
= Sn−1(l,4d, a
′
d,l)
2lφ(d)
Mn(l)+ Rn(l, d) = Mn(l)2lφ(d)
∏
p 4dl(n−1)
(
1 − 1
(p − 1)2
)
·
∏
p|4dl(n−1)
(
1 + 1
p − 1
)
δ
((
n− 1 − la′d,l,4d
)
(n − 1, l))+Rn(l, d).
Then we have for l ∈ Ln and d such that all the prime factors of d belong to Pn(l)
∣∣Mn(l)d ∣∣= ωn(l, d)
d
Xn(l)+Rn(l, d),
where
ωn(l, d)
d
= 1
φ(d)
∏
p| d
(d,l(n−1))
1 + 1
p−1
1 − 1
(p−1)2
and
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∏
p4l(n−1)
(
1 − 1
(p − 1)2
) ∏
p|4l(n−1)
(
1 + 1
p − 1
)
= Mn(l)
l
∏
p>2
(
1 − 1
(p − 1)2
)∏
p|l
p>2
(
1 − 1
p − 1
)−1 ∏
p|n−1
(
1 − 1
p − 1
)−1
.
Hence for p ∈Pn(l)
ωn(l,p) =
{
p
p−1 , if p | n − 1,
p
p−2 , if p  n− 1,
and
Ωn(l, z) =
∏
p∈Pn(l)
p<z
(
1 − ωn(l,p)
p
)
=
∏
p|n−1
pl,p<z
(
1 − 1
p − 1
) ∏
pl(n−1)n
p<z
(
1 − 1
p − 2
)
= 3(1 + o(1)) ∏
p|n−1
(
1 − 1
p − 1
) ∏
p|l,pn
p>3
(
1 − 1
p − 2
)−1 ∏
p|(n−1)n
p>3
(
1 − 1
p − 2
)−1
·
∏
3<p<z
1 − 1
p−2
1 − 1
p
∏
p<z
(
1 − 1
p
)
.
The linear sieve (Lemma 2 with κ = 1) gives for Ql = (N/l)1/2/(logN/l)A′
S
(
Mn(l),Pn(l), (N/l)1/4
)
Ωn
(
l, (N/l)1/4
)
Xn(l)e
γ
(
1 + o(1))+ ∑
d<Ql, d|Pn(l)
cd,lRn(l, d).
Using Mertens’ formula and summing over l ∈ Ln gives
T 
(
12 + o(1))∏
p>2
(
1 − 1
(p − 1)2
) ∏
p|(n−1)n
p>3
(
1 − 1
p − 2
)−1 ∏
p>3
1 − 1
p−2
1 − 1
p
·
∑
l∈Ln
fn(l)Mn(l)
l log(N/l)
+
∑
l∈Ln
∑
d<Ql, d|Pn(l)
cd,lRn(l, d)+
∑
l∈Ln
O
(
(N/l)1/4
)
, (7)
where
fn(m) =
{∏
p|m,p>2
(
1 − 1
p−1
)−1∏
p|m,pn
p>3
(
1 − 1
p−2
)−1
, if (m,n − 1) = 1,
0, if (m,n − 1) > 1.
To evaluate the sum over l in the main term we need two more lemmata that correspond to
Lemmata 3 and 4 of [12]. The following result follows similarly to Lemma 3 of [12]. 
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form 4k + 1. Then
∑
mx
u(m)fn(m) = x2√2 logx Cn + O
(
x
(logx)3/2
)
,
where
Cn =
∏
p≡3 (mod 4)
(
1 − 1
p2
)1/2 ∏
p≡1 (mod 4)
p|n−1
(
1 − 1
p − 2
)
·
∏
p≡1 (mod 4)
p|n
1 − 1
p−2
1 − 1
p−1
∏
p≡1 (mod 4)
1 − 1
p
1 − 1
p−2
.
The proof of the following lemma is analogous to Lemma 4 of [12]. The only change is the
use of the previous lemma in the place of Wu’s Lemma 3.
Lemma 7. Let Ln, fn(m), W(α) and Cn be defined as above and let mN(logN)−A. Then
∑
l∈Ln
fn(l)
l(logm/l)2
= W(α)Cn + o(1)
(logm)3/2
.
By using log(N/l)  log(m/l) for m  N and using the previous lemma for m >
N(logN)−A arising from Mn(l), the first sum over l in (7) is

(
1 + o(1)) ∑
N
(logN)A
mn−2
CnW(α)
(logm)3/2 log(n −m) =
CnW(α) + o(1)
(logN)1/2
Mn(1).
This implies
T  12C1(n)W(α) + o(1)
(logN)1/2
Mn(1) +
∑
l∈Ln
∑
d<Ql, d|Pn(l)
cd,lRn(l, d)+
∑
l∈L
O
(
(N/l)1/4
)
.
Since |Rn(l, d)| 1 if l ∈ L \Ln or (d,n) > 1, we can change the summation over l to go over
the set L and the summation over d to go over d < Ql, (d, l) = 1 with error  N(logN)−A.
Thus the claim follows from Lemma 3 by choosing there
dd,l =
{
cd,l, if l ∈ L, (d, l) = 1 and |μ(d)| = 1,
0, else.
1210 K. Matomäki / Journal of Number Theory 128 (2008) 1195–12107. Proof of the theorem
By (1) and Propositions 4 and 5 we have, for n N
(logN)A and 1 α  6,
S(A,P3,n,N)
(
1 + o(1))3C1(n)Mn(1)
2
√
2 logN
(
1√
2
α/2∫
1
dt√
t (t − 1)
− α
α∫
2
t − 2 + (t − 1) log(t − 1)
t2(t − 1)(1 − t/α)1/2 dt
)
+E1(n)−E2(n),
where
∑
n∈N (|E1(n)| + |E2(n)|)2  N3/(logN)A. By evaluating the integrals with α = 9/4
and noticing that C1(n)  1 for n ∈ N, we obtain
S
(A,P3(n),N) Mn(1)
(logN)1/2
− ∣∣E1(n)∣∣− ∣∣E2(n)∣∣,
which implies the claim as stated in the introduction.
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